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ON THE BRODY HYPERBOLICITY OF MODULI SPACES
FOR CANONICALLY POLARIZED MANIFOLDS
ECKART VIEHWEG AND KANG ZUO∗
Given a polynomial h letMh be the moduli functor of canonically polarized
complex manifolds with Hilbert polynomial h. By [31] there exists a coarse
quasi-projective moduli scheme Mh for Mh, but in general Mh will not carry
a universal family. Except for curves, there are no natural level structures
known, which can be added to enforce the existence of fine moduli schemes.
However, C. S. Seshadri and J. Kolla´r constructed finite coverings Z → Mh
which are induced by a “universal family” inMh(Z) (see [31], 9.25). Moreover,
if a general element in Mh(Spec(C)) has no non-trivial automorphism, then
there exists an open subscheme M0h ⊂ Mh which carries a universal family.
It is the aim of this article to show that both, the coverings Z and the open
subscheme M0h are Brody hyperbolic. More general we will show that the
moduli stack Mh is Brody hyperbolic, in the following sense.
Theorem 0.1. Assume that for some quasi-projective variety U there exists
a family f : V → U ∈ Mh(U) for which the induced morphism ϕ : U → Mh
is quasi-finite over its image. Then U is Brody hyperbolic; i.e. there are no
non-constant holomorphic maps γ : C→ U .
Assume that the variety U in 0.1 is an open subvariety of a projective r-
dimensional manifold Y with B = Y \U a normal crossing divisor. We conjec-
ture that the quasi-finiteness of ϕ implies that Ω1Y (logB) is weakly positive over
some open dense subset of U (see definition 3.1) and that κ(ΩrY (logB)) = r.
[33] gives an affirmative answer if for all the fibres of V → U the local Torelli
theorem holds true, and theorem 0.1 adds some more evidence.
An algebraic version of 0.1, saying that for abelian varieties A or for A = C∗
all algebraic morphisms γ : A→ U have to be constant, has been shown by S.
Kova´cs in [17] and [15] (see also [23]).
The non-existence of abelian subvarieties of moduli stacks presumably can
also be deduced from the bounds for the degree of curves in moduli spaces ([3],
[32] and [16]) by following the arguments used to prove theorem 2.1 in [7].
Our arguments do not imply that the variety U in 0.1 is hyperbolic in the
sense of Kobayashi, except of course if U is a compact manifold and hence
the Brody hyperbolicity equivalent to the Kobayashi hyperbolicity. We will
not speculate about possible diophantine properties of moduli schemes which
conjecturally are related to hyperbolicity (see [18]).
This work has been supported by the “DFG-Forschergruppe Arithmetik und Geometrie”
and the “DFG-Schwerpunktprogramm Globale Methoden in der Komplexen Geometrie”.
∗ Supported by a “Heisenberg-Stipendium”, DFG, and partially by a grant from the
Research Grants Council of the Hong Kong Special Administrative Region, China (Project
No. CUHK 4239/01P).
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A question similar to 0.1 can be asked for moduli of polarized manifolds, i.e.
for the moduli functor of pairs (f : V → U,H) where f is a smooth projective
morphism with ωF semi-ample for all fibres F of f , and where H is fibrewise
ample with Hilbert polynomial h. Hence Ph(U) is the set of such pairs, up
to isomorphisms and up to fibrewise numerically equivalence for H. By [31],
section 7.6, there exists a coarse quasi-projective moduli scheme Ph for Ph.
In [32] we have shown that for U an elliptic curve, or for U = C∗ there are no
non-isotrivial smooth families V → U , with ωV/U relative semi-ample. Being
optimistic one could ask:
Question 0.2. Does the existence of some (f : V → U,H) ∈ Ph(U) for which
the induced morphism ϕ : U → Ph is quasi-finite over its image, imply that U
is Brody hyperbolic?
The methods used in this paper give an affirmative answer to 0.2 only un-
der the additional assumption that for some ν > 0 and for all fibres F of f
the ν-canonical map F → P(H0(F, ωνF )) is smooth over its image. Except if
ωνF = OF , this additional assumption is by far too much to ask for, and we do
not consider this case in our article.
An outline of the content of this paper and a guideline to the proof of 0.1
will be given at the end of the first section.
Luen Fai Tam and Ngaiming Mok introduced us to some of the analytic
methods used in this paper, and Luen Fai Tam checked a preliminary version
of section 7. We are grateful to both of them for their interest and help.
1. A reformulation
Theorem 0.1 follows immediately from the next Propositions. In fact, if
there is a holomorphic map γ : C → U , we can replace U by the Zariski
closure of γ(C), and the Proposition tells us that the Zariski closure must be
a point and hence γ constant.
Proposition 1.1. Assume that for some f : V → U ∈ Mh(U) the induced
map ϕ : U →Mh satisfies
dimU = dimϕ(U) > 0.
Then there exists no holomorphic map γ : C→ U with Zariski dense image.
The proposition 1.1 is formulated in such a way that, given a proper bira-
tional morphism U ′ → U , the assumptions allow to replace f : V → U by the
fibre product f ′ : V ′ = V ×U U ′ → U ′. We will call such a pullback family f ′
a smooth birational model for f .
By the next lemma the conclusion in 1.1 is compatible with replacing f by
any smooth birational model.
Lemma 1.2. Let τ : U ′ → U be a projective birational morphism between
quasi-projective varieties. Then a holomorphic map γ : C → U with Zariski
dense image lifts to a holomorphic map γ′ : C→ U ′.
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Proof. Let U0 ⊂ U be an open set with τ |τ−1(U0) an isomorphism. γ(C) meets
U0, hence γ
′ exists on the complement of a discrete subset A ⊂ C. Let ∆ be a
small disk in C, centered at a ∈ A. The projective morphism τ factors through
U ′ → U × PM for some M and the composite pr2 ◦ γ′|∆∗ : ∆∗ → PM is given
by meromorphic functions. Obviously it extends to a holomorphic map on ∆,
and the image of the induced map ∆→ U × PM lies in U ′. 
Using 1.2 we will assume in the sequel that the quasi-projective variety U
in 1.1 is non-singular.
For the proof of 1.1 we first gather and generalize some methods of algebraic
nature, in particular the weak semi-stable reduction theorem of D. Abramovich
and K. Karu (see [2]) and the positivity results for direct images of certain
sheaves (see [12], [14], [28] and [29]). In section 4 both will be applied to
certain product families, and the main result 4.1 of this section is quite similar
to the one obtained by D. Abramovich in [1]. It will allow to replace the family
f : V → U by a smooth birational model of the r-fold product f r : V r → U
and to assume the stronger positivity properties stated in 4.3 and 4.4. Whereas
the results of section 2 hold true for arbitrary smooth projective morphisms,
those of section 3 and 4 use the semi-ampleness of ωF for all fibres F of f .
Starting with section 5 we assume that contrary to 1.1 or 4.4 there exists
a holomorphic map γ : C → U with dense image. In order to use covering
constructions, as we did in [32] for dim(U) = 1, we will choose a hyperplane
H on V whose discriminant locus over U is in general position with respect to
γ(C). At this point the ampleness of ωF will be needed.
In section 6 we will use the cyclic covering, obtained by taking a root out
of H to compare and to study certain Higgs bundles and their pullback to
C. The main properties are gathered in 6.5. Finally section 7 contains some
curvature estimates, which show that the existence of γ, encoded in lemma
6.5, contradicts the Ahlfors-Schwarz lemma. The content of this section is
influenced by the work of J.-P. Demailly [7], S.S.-Y. Lu and S.-T. Yau [22],
S.S.-Y. Lu [21] and Y.-T. Siu [27] on hyperbolicity.
2. Mild reduction
Let f : X → Y be a morphism between projective manifolds with connected
general fibre. D. Abramovich and K. Karu constructed in [2] a generically finite
proper morphism Y ′ → Y and a proper birational map Z ′ → (X ×Y Y ′)˜ such
that the induced morphism g′ : Z ′ → Y ′ is weakly semi-stable. Here ˜ denotes
the main component, i.e. the component dominant over X , We will not recall
the definition of weak semi-stability, but just list the main properties needed
later.
Definition 2.1. A morphism g′ : Z ′ → Y ′ between projective varieties is
called mild, if
a) g′ is flat, Gorenstein with reduced fibres.
b) Y ′ is non-singular and Z ′ normal with at most rational singularities.
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c) Given a dominant morphism Y ′1 → Y ′ where Y ′1 has at most rational
Gorenstein singularities, Z ′ ×Y ′ Y ′1 is normal with at most rational
singularities.
d) Let Y ′0 be an open subvariety of Y
′, with g′−1(Y ′0)→ Y ′0 smooth. Given
a non-singular curve C ′ and a morphism π : C ′ → Y ′ whose image
meets Y ′0 , the fibred product Z
′ ×Y ′ C ′ is normal, Gorenstein with at
most rational singularities.
In [2] the definition of a mild morphism just uses the first three conditions,
and by [2], 6.1 and 6.2, those hold true for weakly semi-stable morphisms.
As pointed out by K. Karu in [11], proof of 2.12, the proof of the property
c) carries over “word by word” to show d). Hence d) holds true for weakly
semi-stable morphisms as well.
Hence starting with f : X → Y , over some Y ′, generically finite over Y , one
can find a mild model of the pullback family, i.e. a mild morphism g′ : Z ′ → Y ′
birational to X ×Y Y ′ → Y ′. However it might happen that one has to blow
up the general fibre, and the smooth locus of g′ will not be the pullback
of the smooth locus of f . Nevertheless, the existence of g′ will have strong
consequences for direct images of powers of dualizing sheaves.
Lemma 2.2. Let g′ : Z ′ → Y ′ be mild.
i) If Y ′′ → Y ′ is a dominant morphism between manifolds, then
pr2 : Z
′ ×Y ′ Y ′′ → Y ′′ is mild.
ii) Let g′′ : Z ′′ → Y ′ be a second mild morphism. Then
(g′, g′′) : Z ′ ×Y ′ Z ′′ −−→ Y ′ is mild.
iii) For all ν ≥ 1 the sheaf g′∗ωνZ′/Y ′ is reflexive.
Proof. i) The property a) in 1.2 is compatible with base change and in c) one
enforces the compatibility of b) with base change, as well.
ii) Since Z ′′ has rational Gorenstein singularities, the property c) for Z ′ im-
plies that Z ′ ×Y ′ Z ′′ has at most rational Gorenstein singularities. The other
properties asked for in a) and b) are obvious. For c), remark that Z ′′ ×Y ′ Y ′1
is normal with rational Gorenstein singularities and hence
(Z ′′ ×Y ′ Y ′1)×Y ′ Z ′ = (Z ′′ ×Y ′ Z ′)×Y ′ Y ′1
has the same property. The same argument with Y ′0 replaced by C
′ gives d).
The sheaf g′∗ω
ν
Z′/Y ′ is torsion free, hence locally free outside of a closed
codimension two subvariety T of Y ′. Since Z ′ is normal and equidimensional
over Y ′, for U0 ⊂ Y ′ open and for V0 = g′−1(U0) one has
H0(V0, ω
ν
Z′/Y ′) = H
0(V0 \ g′−1(T ), ωνZ′/Y ′),
and thereby
H0(U0, g
′
∗ω
ν
Z′/Y ′) = H
0(U0 \ T, g′∗ωνZ′/Y ′).
So g′∗ω
ν
Z′/Y ′ coincides with the maximal extension of g
′
∗ω
ν
Z′/Y ′ |Y ′\T to Y ′. 
Let V → U be any smooth projective morphism between quasi-projective
manifolds. We choose for Y and X projective non-singular compactifications,
with Y \ U and X \ V normal crossing divisors, in such a way that V → U
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extends to a morphism f : X → Y . If g : Z ′ → Y ′ denotes the weak semi-
stable reduction, we choose a birational morphism ǫ : Y1 → Y such that the
main component Y ′1 = (Y
′ ×Y Y1)˜ is finite over Y1. Let ∆(Y ′1/Y1) denote the
discriminant locus in Y1 of Y
′
1 → Y1, and let B1 = Y1 \ ǫ−1(U) be the boundary
divisor. Blowing up a bit more we can assume that Y1 is non-singular, and
that ∆(Y ′1/Y1) +B1 is a normal crossing divisor.
By Y. Kawamata’s covering construction (see [31], 2.6) there exists a non-
singular projective manifold Y ′2 , finite over Y
′
1 . In particular, there is a mor-
phism Y ′2 → Y ′, and by 2.2, a) the pullback of Z ′ → Y ′ is again mild.
Let us choose a desingularization ψ : X1 → X ×Y Y1, such that
(pr2 ◦ ψ)∗(B1 +∆(Y ′1/Y1))
is a normal crossing divisor.
Changing the smooth birational model we may replace U by its pre-image
in Y1 and by abuse of notations rename pr2 ◦ ψ : X1 → Y1 as f : X → Y .
We will also write Y ′ instead of Y ′2 and Z
′ instead of Z ×Y ′ Y ′2 . Doing so we
reached the following situation:
Lemma 2.3. Any smooth projective morphism with connected fibres has a
smooth birational model V → U which fits into a diagram of morphisms of
normal varieties
(2.3.1)
V
⊂−−−→ X τ ′←−−− X ′ σ←−−− Z ρ←−−− X ′′ δ−−−→ Z ′y yf yf ′ yg yf ′′ yg′
U
⊂−−−→ Y τ←−−− Y ′ =←−−− Y ′ =←−−− Y ′ =−−−→ Y ′
with:
i) Y , Y ′, X, Z and X ′′ are non-singular projective varieties.
ii) τ is finite and X ′ is the normalization of X ×Y Y ′.
iii) ρ and δ are birational, and σ is a blowing up with center in the singular
locus of X ′.
iv) For B = Y \ U the divisors B + ∆(Y ′/Y ) and f ∗(B + ∆(Y ′/Y )) are
normal crossing divisors.
v) g′ : Z ′ → Y ′ is mild.
Corollary 2.4. The conditions i) - v) stated in 2.3 imply:
vi) X ′ has rational singularities.
vii) For all ν ≥ 1 there exist isomorphisms
g′∗ω
ν
Z′/Y ′
≃−−→ f ′′∗ ωνX′′/Y ′ ≃←−− g∗ωνZ/Y ′.
In particular, g∗ω
ν
Z/Y ′ is a reflexive sheaf.
viii) For all ν ≥ 1 there exists an inclusion
ι : g∗ω
ν
Z/Y ′ −−→ τ ∗f∗ωνX/Y ,
which is an isomorphism over U .
ix) For all ν ≥ 1 there exists some Nν and an invertible sheaf λν on Y
with
τ ∗λν ≃ det(g∗ωνZ/Y ′)Nν .
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In part ix) the determinant of g∗ω
ν
Z/Y ′ is i∗ det(g∗ω
ν
Z/Y ′ |Y \T ) where T is any
codimension two subvariety with g∗ω
ν
Z/Y ′ |Y \T locally free and i : Y \ T → Y
the inclusion.
Proof. Since ∆(X ′/X) ⊂ f ∗∆(Y ′/Y ) are both normal crossing divisors one
obtains vi).
Z ′ is normal with rational Gorenstein singularities, hence δ∗ωZ′/Y ′ ⊂ ωX′′/Y ′
and ωνZ′/Y ′ = δ∗δ
∗ωνZ′/Y ′ ⊂ δ∗ωνX′′/Y ′ . The sheaf on the left hand side is invert-
ible, and the one on the right hand side torsionfree, and both coincide outside
of a codimension two subvariety. Hence they are equal and one obtains the
first isomorphism in vii). For the second one, one repeats the argument for ρ
instead of δ. By 2.2, iii), all the three sheaves in vii) are reflexive. Part viii)
has been shown in [28], 3.2 (see also [24], 4.10).
Let Bν denote the zero divisor of det(ι), hence
det(g∗ω
ν
Z/Y ′)⊗OY ′(Bν) = τ ∗ det(f∗ωνX/Y ).
In order to show that Bν is the pullback of a Q-divisor on Y , we have to show,
that the multiplicities of two components of Bν coincide, whenever both have
the same image in Y . To this aim, given any component B˜ of Y \ U consider
a general curve C, which intersects B˜ in some point q. Replacing C by a
neighborhood of q we will assume that this is the only intersection point.
Let us write TC = T ×Y C, where T stands for any of the varieties in the
diagram (2.3.1). Similarly, if h : T → T ′ is any of the morphism in the diagram
(2.3.1), hC will denote the restriction of h to TC .
By 2.1, d), the variety Z ′C is again normal, Gorenstein with at most rational
singularities, and for C sufficiently general XC and X
′′
C will be non-singular.
Applying part viii) with Y replaced by C, one obtains a natural inclusion
(2.4.1) ιC : g
′
C∗ω
ν
Z′C/Y
′
C
−−→ τ ∗C(fC∗ωνXC/C),
and the zero divisor of det(ιC) is the restriction of Bν to Y
′
C . In order to show
ix), we just have to verify that Bν is the pullback of a Q-divisor on C.
By [13] there exists a finite morphism C ′ → C, totally ramified in q, such
that XC ×C C ′ has a semi-stable model S → C ′.
By 2.1, d), the pullback of Z ′C to some non-singular covering of C remains
normal with rational Gorenstein singularities. By flat base change (2.4.1) is
compatible with further pullbacks. Hence we may as well assume for a moment
that Y ′C → C factors through C ′. Then
pr1 : S
′ = S ×C′ Y ′C −−→ Y ′C and g′C : Z ′C −−→ Y ′C
are two flat Gorenstein morphism, S ′ and Z ′C are birational, and both are
normal with at most rational singularities. Therefore, repeating the argument
used to prove vii), one obtains
g′C∗ω
ν
Z′C/Y
′
C
= pr1∗ω
ν
S′/Y ′C
,
and the divisor Bν |Y ′C is the pullback of a divisor Π on C ′. Since C ′ → C
is totally ramified in q, the divisor Π is itself the pullback of a Q-divisor on
C. 
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3. Positivity of direct image sheaves
As in [28] and [29] we use the following convention: If F is a coherent sheaf
on a quasi-projective normal variety Y , we consider the largest open subscheme
i : Y1 → Y with i∗F locally free. For
Φ = Sµ, Φ =
µ⊗
or Φ = det
we define
Φ(F) = i∗Φ(i∗F).
Definition 3.1. Let F be a torsion free coherent sheaf on a quasi-projective
normal variety Y and let H be an ample invertible sheaf. Let U ⊂ Y be an
open subvariety.
a) F is globally generated over U if the natural morphism
H0(Y,F)⊗OY −−→ F
is surjective over U .
b) F is weakly positive over U if the restriction of F to U is locally free
and if for all α > 0 there exists some β > 0 such that
Sα·β(F)⊗Hβ
is globally generated over U .
c) F is ample with respect to U if there exists some µ > 0 such that
Sµ(F)⊗H−1
is weakly positive over U .
The basic properties of weakly positive sheaves are listed in [31], section 2.3.
In particular, the definition of “weak positivity over U” does not depend on
the ample sheaf H ([31], 2.14) and, if F is weakly positive over U and F → G
surjective over U , then G is weakly positive over U ([31], 2.16). Moreover, weak
positivity is a local property. If for each point u ∈ U there is a neighborhood
U0 with F weakly positive over U0, then F is weakly positive over U .
By definition, most of the properties of weakly positive sheaves F carry over
to sheaves which are ample over U .
Lemma 3.2. Let H be an ample invertible sheaf on Y . Then F is ample with
respect to U , if its restriction to U is locally free and if and only if for some
η > 0 there exists a morphism⊕
H −−→ Sη(F),
surjective over U .
Proof. If F is ample with respect to U , for all β sufficiently large and divisible
S2·β(Sµ(F))⊗H−2·β ⊗Hβ
is globally generated over U , as well as its quotient sheaf
S2·β·µ(F)⊗H−β.
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We may assume that Hβ−1 is very ample, and we obtain the morphism asked
for in 3.2. On the other hand, if there is a morphism⊕
OY −−→ Sη(F)⊗H−1,
surjective over U , the sheaf Sη(F) ⊗ H−1 as a quotient of a weakly positive
sheaf is weakly positive over U . 
The basic methods to study positivity properties of direct images are con-
tained in [28], [29], [30] and [31]. Unfortunately in [28] and [29] we used “weak
positivity” without specifying the open set, whereas in [31] we mainly work
with smooth families or families without non-normal fibres. So we have to
recall some definitions in this section, and we have to make the arguments
carefully enough to keep track of the open set U .
Let f : X → Y be a surjective projective morphism of quasi-projective
manifolds. We want to extend the constructions from [32], section 2, to the
case dim(Y ) > 1.
For an effective Q-divisor D ∈ Div(X) the integral part [D] is the largest
divisor with [D] ≤ D. For an effective divisor Γ on X , and for N ∈ N − {0}
the algebraic multiplier sheaf is
ωX/Y
{−Γ
N
}
= τ∗
(
ωT/Y
(
−
[
Γ′
N
]))
where τ : T → X is any blowing up with Γ′ = τ∗Γ a normal crossing divisor
(see for example [8], 7.4, or [31], section 5.3).
Let F be a non-singular fibre of f . Using the definition given above for F ,
instead of X , and for a divisor Π on F , one defines
e(Π) = Min
{
N ∈ N \ {0}; ωF
{−Π
N
}
= ωF
}
.
By [8] or [31], section 5.4, e(Γ|F ) is upper semi-continuous, and there exists a
neighborhood V of F with e(Γ|V ) ≤ e(Γ|F ). If L is an invertible sheaf on F ,
with H0(F,L) 6= 0,
e(L) = Max {e(Π); Π an effective divisor and OF (Π) = L} .
Proposition 3.3. Let U ⊂ Y be an open subscheme, let L be an invertible
sheaf, let Γ be a divisor on X, and let F be a coherent sheaf on Y . Assume
that, for some N > 0, the following conditions hold true:
a) V = f−1(U)→ U is smooth with connected fibres.
b) F is weakly positive over U (in particular F|U is locally free).
c) There exists a morphism f ∗F → LN(−Γ), surjective over V .
d) None of the fibres F of f : V → U is contained in Γ, and for all of
them
e(Γ|F ) ≤ N.
Then f∗(L ⊗ ωX/Y ) is weakly positive over U .
Proof. By [31], 5.23, the restriction of the sheaf E = f∗(L ⊗ ωX/Y ) to U is
locally free. The verification of the weak positivity will be done in several
steps. Let us first show:
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Claim 3.4. In order to prove 3.3 we are allowed to assume that F is ample
with respect to U .
Proof. LetH be a very ample sheaf on Y and let ρ : Y → PM be an embedding.
For a general choice of the coordinate planes H0, . . . , HM , the intersection
Hi ∩ (Y \ U) is of codimension two in Y . We choose a codimension two
subscheme T with T ⊃ Hi ∩ (Y \ U), for i = 0, . . . ,M . By definition, in order
to show that f∗(L ⊗ ωX/Y ) is weakly positive over U , we may replace Y by
Y \ T and assume that Hi ∩ (Y \ U) = ∅. Moreover, for T large enough f
will be flat. By the local nature of weak positivity, it is sufficient to show that
f∗(L ⊗ ωX/Y ) is weakly positive over
U0 = U \
M⋃
i=0
Hi.
In fact, one can cover U by such open sets, for different choices of the coordinate
planes.
Given α > 0 we choose d = 1 + 2 · α, and consider the d-th power map
θ : PM −−→ PM with θ(x0, . . . , xM) = (xd0, . . . , xdM).
Let Y ′ be the normalization of θ−1(Y ), and let τ : Y ′ → Y be the induced
map. For the pullback H′ of OP1(1) to Y ′ one obtains τ ∗H = H′d.
Leaving out codimension two subschemes in Y , not meeting U0, we may
assume that Y ′ is non-singular. Then X ′ = X ×Y Y ′ is non-singular. In fact,
f ′ : X ′ → Y ′ is smooth over τ−1(U) and τ ′ : X ′ → X is smooth over
X \
M⋃
i=0
f−1(Hi).
Let us choose F ′ = τ ∗F ⊗H′N and L′ = τ ′∗L ⊗ f ′∗H′. The sheaf F ′ is ample
with respect to U ′0 = τ
−1(U0). Applying 3.3 to F ′ instead of F one finds
f ′∗(L′ ⊗ ωX′/Y ′) = f ′∗(τ ′∗L⊗ ωX′/Y ′)⊗H′
to be weakly positive over U ′0. By flat base change, this sheaf is isomorphic to
τ ∗f∗(L ⊗ ωX/Y )⊗H′ = τ ∗(E)⊗H′.
Hence for all β sufficiently large and divisible, the sheaf
S(2·α)·β(τ ∗(E)⊗H′)⊗H′β = τ ∗(S2·α·β(E))⊗H′(2·α+1)·β = τ ∗(S2·α·β(E)⊗Hβ)
is globally generated over U ′0. We obtain a morphisms⊕
OY ′ −−→ τ ∗(S2·α·β(E)⊗Hβ),
surjective over U ′0, and ⊕
τ∗OY ′ −−→ S2·α·β(E)⊗Hβ,
surjective over U0. For β large enough, τ∗OY ′ ⊗ Hβ is generated by global
sections and hence Sα·(2·β)(E)⊗H2·β is globally generated over U0. 
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3.4 allows to assume that F is ample with respect to U . Then the sheaf
LN ·η(−η · Γ) will be globally generated over V , for some η ≫ 0. Replacing N
by N · η and Γ by η · Γ we may as well assume that LN(−Γ) itself has this
property. From now on, this assumption will replace the conditions b) and c)
in 3.3.
Leaving out a codimension two subset of Y , not meeting U , we will continue
to assume that f is flat. Let us fix some non-singular compactification Y¯ of Y
and a very ample invertible sheaf A¯ on Y¯ such that A¯dimY+1 ⊗ ωY¯ is ample.
We write A = A¯|Y and H = AdimY+1 ⊗ ωY .
Claim 3.5. E ⊗ AdimY+1 ⊗ ωY is globally generated over U .
Proof. Let us choose a compactification X¯ of X such that f extends to a
morphism f¯ : X¯ → Y¯ . Moreover we choose L¯ and Γ¯ such that L¯N(−Γ¯) is
again globally generated over V . Let τ : X ′ → X¯ be a blowing up, such that
τ ∗Γ¯ = Γ′ is a normal crossing divisor and let f ′ = f¯ ◦ τ . The assumption d) in
3.3 implies that
E ′ = f ′∗
(
τ ∗L¯ ⊗ OX′
(
−
[
Γ′
N
])
⊗ ωX′/Y¯
)
−−→ f¯∗(L¯ ⊗ ωX¯/Y¯ )
is an isomorphism over U . Hence it is sufficient to show that
E ′ ⊗ A¯dimY+1 ⊗ ωY¯
is globally generated over U . Blowing up a bit more, and enlarging Γ′ by
adding components supported in X ′ \ τ−1(V ), we can as well assume that
τ ∗(L¯)N ⊗OX′(−Γ′) is globally generated over X ′. Under this assumption 3.5
has been shown in [31], 2.37, 2). 
To finish the proof, we consider for any α > 0 the α-fold product
Xα = X ×Y . . .×Y X (α-times)
and fα : Xα → Y . Let σ : X(α) → Xα be a desingularization, f (α) = fα ◦ σ,
L(α) = σ∗(
α⊗
i=1
pr∗iL) and Γ(α) = σ∗(
α∑
i=1
pr∗iΓ).
f (α) : X(α) → Y , L(α) satisfies again the assumption a) in 3.3. Moreover
we assumed LN(−Γ) to be globally generated over V , hence L(α)N (−Γ(α)) is
globally generated over V r = V ×U · · · ×U V . The assumption d) holds true
for Γ(α) by:
Claim 3.6. e(Γ(α)|F r) = e(Γ|F )
Proof. The proof, similar to the one of 5.21 in [31], is by induction on r.
Obviously e(Γ(α)) ≥ e = e(Γ). Let C be the support of the cokernel of the
inclusion
ωF r
{−Γ(α)|F r
e
}
−−→ ωF r .
Applying [31], 5.19, to the i-th projection pri : F
r → F , one finds subschemes
Ci of F with C = pr
−1
i (Ci). Since this holds true for i = 1, . . . , r, C must be
empty. 
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By 3.5 the sheaf f
(α)
∗ (L(α)⊗ωX(α)/Y )⊗H is globally generated over U . Hence
3.3 follows from the next claim.
Claim 3.7. There exists a morphism
f (α)∗ (L(α) ⊗ ωX(α)/Y ) −−→ Sα(f∗(L ⊗ ωX/Y )),
surjective over U .
Proof. The natural morphism σ∗ωX(α) → ωXα induces a morphism
f (α)∗ (L(α) ⊗ ωX(α)/Y ) −−→ fα∗ ((
α⊗
i=1
pr∗iL)⊗ ωXα/Y ),
which is an isomorphism over U . By flat base change, the right hand side is
nothing but
α⊗
f∗(L ⊗ ωX/Y ).

Corollary 3.8. Let f : X → Y be a projective surjective morphism between
quasi-projective manifolds with connected general fibre. Assume that for some
open subscheme U ⊂ Y
V = f−1(U) −−→ U
is smooth and that ωFu is semi-ample for all fibres Fu = f
−1(u) with u ∈ U .
Then f∗ω
ν
X/Y is weakly positive over U .
Proof. Using 3.3 (with Γ|V = 0), one can copy the arguments presented in the
proof of Corollary 2.45 in [31] to obtain 3.8 as a corollary to 3.3. We leave this
as an exercise since 3.8 has been shown under less restrictive assumptions in
[30], 3.7, using different (and more complicated) arguments. 
Remark 3.9. By [19] the assumption “ωFu is semi-ample for all fibres Fu
with u ∈ U” is equivalent to the f -semi-ampleness of ωV/U . Hence for all ν
sufficiently large and divisible, the natural morphism
f ∗f∗ω
ν
X/Y −−→ ωνX/Y
is surjective over V . In particular 3.8 implies that ωX/Y is weakly positive over
V .
Let us end this section by stating a stronger positivity result. Although it
holds true by [14] for arbitrary families of manifolds of general type, we will
just formulate it for families with a semi-ample canonical sheaf. Recall that in
[28], for a projective surjective morphism f : X → Y with connected general
fibre, we defined Var(f) to be the smallest integer η for which there exists
a finitely generated subfield K of C(Y ) of transcendence degree η over C, a
variety F ′ defined over K, and a birational equivalence
X ×Y Spec(C(Y )) ∼ F ′ ×Spec(K) Spec(C(Y )).
Theorem 3.10. Under the assumptions made in 3.8, for all ν sufficiently
large and divisible
κ(det(f∗ω
ν
X/Y )) = Var(f).
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Proof. This has been shown in [29] if the general fibres of f are of general type,
and in [12] in general (see also [14] or [30]). 
Remark 3.11. Let f : V → U be the morphism considered in 1.1. Since
ωF is ample on the fibres of f we can replace the variety F
′ in the definition
of Var(f) by its image under a multicanonical map, hence assume that it is
also canonically polarized. One obtains a morphism ϕ′ : Spec(K) → Mh and
K must contain the function field of ϕ(U)red. In particular the assumption
dim(ϕ(U)) = dim(U) implies that Var(f) = dim(U).
4. Products of families of canonically polarized manifolds
Let again f : X → Y be a surjective projective morphism between quasi-
projective manifolds with connected fibres and let U ⊂ Y be a non-empty open
subvariety such that
f : V = f−1(U) −−→ U
is smooth, and such that ωV/U is f -semi-ample.
In [32], 2.7, we have shown that for curves Y , the ampleness of det(f∗ω
ν
X/Y )
implies the ampleness of f∗ω
ν
X/Y , for ν ≥ 2. In [31], 6.22, one finds a similar
statement over U . In order to extend the latter to Y , one would like to control
the “non-local free locus” of f∗ω
ν
X/Y . This could be done by using natural
compactifications of moduli spaces, but those only exist for curves, for surfaces
of general type, or by [11] under strong assumptions on the existence of minimal
models.
Fortunately, the mild reduction of D. Abramovich and K. Karu can serve as
a substitute, using in particular the reflexivity of the sheaves in 2.4 vii).
We will assume in the sequel, that dim(U) = Var(f), and that V → U
fits into the diagram considered in 2.3. Since Y ′ is finite over Y one finds
Var(g) = Var(f) = dim(Y ′), and 3.10 implies that det(g∗ω
ν
Z/Y ′) is big for all ν
sufficiently large and divisible. We choose such ν ≥ 3, and we will assume in
addition that
f ∗f∗ω
ν
V/U −−→ ωνV/U
and the multiplication morphisms
Sβ(f∗ω
ν
V/U) −−→ f∗ωβ·νV/U
are surjective, for all β. Define
e = Max{e(ωνF ); F a fibre of V → U}.
By 2.4, ix), there is an invertible sheaf λν on Y and some Nν ∈ N with
τ ∗λν = det(g∗ω
ν
Z/Y ′)
Nν .
Writing B = Y \ U for the boundary divisor, let us fix an ample invertible
sheaf A, such that A(−B) is ample. Since
κ(λν) = κ(det(g∗ω
ν
Z/Y ′)) = dim(Y ),
there exists some η > 0 and some effective divisor D, with λην = A(D). Re-
placing Nν by some multiple we can assume
det(g∗ω
ν
Z/Y ′)
Nν = τ ∗A(D)ν·(ν−1)·e.
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Define r0 = rank(f∗ω
ν
X/Y ) and r = Nν · r0.
Proposition 4.1. Let X(r) denote a desingularization of the r-th fibre product
X ×Y . . .×Y X and let f (r) : X(r) → Y be the induced morphism. Then for all
β sufficiently large and divisible the sheaf
f (r)∗ (ω
β·ν
X(r)/Y
)⊗A−β·ν·(ν−2) ⊗OY (−β · ν · (ν − 1) ·D)
is globally generated over U and
ωβ·ν
X(r)/Y
⊗ f (r)∗(A−β·ν·(ν−2) ⊗OY (−β · ν · (ν − 1) ·D))
is globally generated over V r = f (r)−1(U).
Proof. We use again the notations from 2.3. By 2.2, ii), mildness of a morphism
is compatible with fibre products, hence
g′
r
: Z ′
r
= Z ′ ×Y ′ . . .×Y ′ Z ′ → Y ′
is again mild.
For the normalization X ′(r) of X(r)×Y Y ′ we choose a desingularization Z(r),
with centers in the singular locus of X ′(r), and a non-singular blowing up X ′′(r)
which dominates both, Z(r) and Z ′r. We obtain again a diagram
V r
⊂−−−→ X(r) τ (r)←−−− X ′(r) σ(r)←−−− Z(r) ρ(r)←−−− X ′′(r) δ(r)−−−→ Z ′ry yf(r) y g(r)y yf ′′(r) yg′r
U
⊂−−−→ Y τ←−−− Y ′ =←−−− Y ′ =←−−− Y ′ =−−−→ Y ′
which satisfies the assumptions made in 2.3. One finds for all integers µ ≥ 0
(4.1.1) g′
r
∗ω
µ
Z′r/Y ′ =
r⊗
g′∗ω
µ
Z′/Y ′.
In fact, by flat base change and by the projection formula, both sheaves co-
incide over the largest subvariety of Y ′, where g′∗ω
µ
Z′/Y ′ is locally free. By
definition, the right hand side of (4.1.1) is the reflexive hull of the tensor prod-
uct on this subscheme, and by 2.2, iii) the left hand side is reflexive, hence
both are equal. Corollary 2.4 implies:
Claim 4.2.
a) g
(r)
∗ ω
µ
Z(r)/Y ′
is reflexive and there is an isomorphism
g(r)∗ ω
µ
Z(r)/Y ′
≃
r⊗
g∗ω
µ
Z/Y ′ .
b) There is an inclusion
g(r)∗ ω
µ
Z(r)/Y ′
−−→ τ ∗f (r)∗ ωµX(r)/Y
which is an isomorphism over U ′.
Proof. b) and the first part of a) is nothing but 2.4, viii) and vii). For the
second part of a), 2.4, vii) allows to replace the left hand side by g′r∗ω
µ
Z′r/Y ′,
the right hand side by
⊗r g′∗ωµZ′/Y ′, and to apply (4.1.1). 
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By construction g(r) : Z(r) → Y ′ is smooth over U ′ = τ−1(U) and
g(r)
−1
(U ′) = V ′
r
= V r ×U U ′.
Now we play the usual game. For the integer ν ≥ 3 chosen above, and for
r0 = rank(g∗ω
ν
Z/Y ′), there is a natural inclusion
(4.2.1) det(g∗ω
ν
Z/Y ′) −−→
r0⊗
(g∗ω
ν
Z/Y ′)
which locally splits over the open set Y ′1 , where g∗ω
ν
Z/Y ′ is locally free, in
particular over U ′. By the choice of r one obtains an inclusion
(4.2.2) τ ∗A(D)ν·(ν−1)·e −−→
r⊗
(g∗ω
ν
Z/Y ′) = g
(r)
∗ ω
ν
Z(r)/Y ′,
again locally splitting over U ′. In fact, the splitting inclusions in (4.2.1) and
(4.2.2) exist over Y ′1 , and since the sheaves on the right hand sides are reflexive
they extend to Y ′.
For ω = ωZ(r)/Y ′ and A′ = g(r)∗τ ∗A(D)ν consider L = ω ⊗A′−1. By (4.2.2)
ων ⊗ A′−(ν−1)·e has a section whose zero divisor Γ does not contain a whole
fibre over U ′, and
Lν·(ν−1)·e = ων·(ν−1)·e−ν2 ⊗ ων2 ⊗A′−ν·(ν−1)·e = ων·(ν−1)·e−ν2 ⊗OZ(r)(ν · Γ).
All fibres of V r → U are of the form
F r = F × · · · × F
and [31], 5.21, implies that
e(Γ|F r) ≤ e(ωνF r) = e(ωνF ) ≤ e.
So e(ν ·Γ|F r) ≤ ν · e and for N = ν · e the assumption b) in 3.3 holds true. By
corollary 3.8 the sheaf g∗ω
ν·(ν·(e−1)−e) is weakly positive over U ′. Since
g(r)∗g(r)∗ ω
ν·(ν·(e−1)−e) −−→ ων·(ν·(e−1)−e) = Lν·(ν−1)·e ⊗OZ(r)(−νΓ).
is surjective over V r we can apply 3.3 (for Lν−1 instead of L) and obtain the
weak positivity of
g(r)∗ (Lν−1 ⊗ ωZ(r)/Y ′) = g(r)∗ (ωνZ(r)/Y ′)⊗ τ ∗A(D)−ν·(ν−1)
over U ′. Since g
(r)
∗ ω
β·ν
Z(r)/Y ′
is reflexive, one has the multiplication morphism
µβ : S
β(g(r)∗ ω
ν
Z(r)/Y ′) −−→ g(r)∗ ωβ·νZ(r)/Y ′.
By 4.2, a), the left hand side is Sβ(
⊗r g∗ωνZ/Y ′) whereas the right hand side
is
⊗r g∗ωβ·νZ/Y ′ , hence the assumption on the surjectivity of the multiplication
morphism carries over, and µβ is surjective over U
′. Since
g(r)∗ (ω
ν
Z(r)/Y ′)⊗ τ ∗A(D)−ν·(ν−1)
is weakly positive over U ′, for all β sufficiently large and divisible
Sβ(g(r)∗ (ω
ν
Z(r)/Y ′)⊗ τ ∗A(D)−ν·(ν−1))⊗ τ ∗Aβ
as well as
g(r)∗ (ω
β·ν
Z(r)/Y ′
)⊗ τ ∗A(D)−β·ν·(ν−1) ⊗ τ ∗Aβ
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will be globally generated over U ′. By 4.2, b), one has a morphism
τ∗OY ′ ⊗Aβ·(ν−1) −−→ τ∗τ ∗(f (r)∗ ωβ·νX(r)/Y )⊗A(D)−β·ν·(ν−1) ⊗Aβ·ν,
surjective over U . Although the sheaf f
(r)
∗ ω
β·ν
X(r)/Y
is not necessarily reflexive,
the finiteness of τ allows to apply the projection formula, and to obtain thereby
a morphism
τ∗OY ′ ⊗Aβ·(ν−1) −−→ f (r)∗ (ωβ·νX(r)/Y )⊗A−β·ν·(ν−2) ⊗OY (−β · ν · (ν − 1) ·D),
surjective over U . For β large enough, the sheaf on the left hand side will be
generated by global sections, hence for those β the sheaf on the right hand
side is globally generated over U . Since we assumed
f (r)∗f (r)∗ ω
ν
X(r)/Y −−→ ωνX(r)/Y
to be surjective over V , the same holds true for ν replaced by β · ν, and
ωβ·ν
X(r)/Y
⊗ f (r)∗(A−β·ν·(ν−2) ⊗OX(r)(−β · ν · (ν − 1) ·D))
is globally generated over V r. 
From now on, we will forget the original morphism f and work only with
the morphism f (r). To keep notations as simple as possible, we allow ourselves
to change them again. Doing so, we can restate the results of the sections 2, 3
and 4 in the following way:
Corollary 4.3. Let U˜ be a quasi-projective manifold and let f˜ : V˜ → U˜ be
a smooth projective surjective morphism with connected fibres, with Var(f˜) =
dim(U˜) and with ωF˜ semi-ample for all fibres F˜ of f˜ .
Then there exist a proper birational morphism U → U˜ , a projective com-
pactification Y of U , a projective morphism f : X → Y , an invertible sheaf
A and an effective divisor D on Y , such that for all ν sufficiently large and
divisible one has:
a) f : V = f−1(U)→ U is smooth with connected fibres.
b) X and Y are projective manifolds, and X\V and B = Y \U are normal
crossing divisors.
c) A is ample, and D ≥ B.
d) f∗(ω
ν
X/Y )⊗A(D)−ν is globally generated over U .
e) ωνX/Y ⊗ f ∗A(D)−ν is globally generated over V .
Proof. By 2.3 we find a smooth birational model f : V → U of f˜ : V˜ → U˜
which fits into the diagram in 2.3. We may replace V → U by V r → U , and
apply 4.1. The property a) and b) obviously hold true. Since we assumed
A(−B) to be ample and ν ≥ 3, for the invertible A′ = Aν−2(−B) and for the
divisor
D′ = (ν − 1) ·D +B
one obtains property c) and by 4.1 d) and e). 
If one starts with any smooth morphism in 1.1, one knows by 3.11 that
the variation is maximal. 1.2 allows to blow up the base, hence 4.3 allows
to replace the original morphism by a new one, satisfying the assumptions
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a) - e). Thereby the proposition 1.1 and hence theorem 0.1 are immediate
consequences of the next proposition, which will be shown at the end of section
7.
Proposition 4.4. Given U , let f : X → Y be a projective surjective mor-
phism, satisfying the conditions a) - e) in 4.3 for some ν, A and D. Assume
moreover that n = dim(F ) is even, that r = dim(U) ≥ 1, and that ωνF is
very ample for all fibres F of V → U . Then there exists no holomorphic map
γ : C→ U with dense image.
5. Construction of cyclic coverings
Starting from a morphism f : X → Y satisfying the assumptions in 4.4 for
an invertible sheaf A, a divisor D and a natural number ν let us consider
L = ωX/Y ⊗ f ∗A(D)−1.
Blowing upX with centers outside of V we may assume that the global sections
of Lν generate an invertible sheaf H. If E denotes the divisor on X with
H(E) = L, then E has support in X \V , hence it is a normal crossing divisor.
Let us assume there exists a holomorphic map γ : C→ U with dense image,
contrary to 4.4. In this section we will choose some divisor and some cyclic
covering of X , depending on γ and finally this construction will help to show
that such a holomorphic map can not exist.
By 4.3, d), we have for some ℓ a morphism
ℓ+1⊕
OY → f∗Lν , surjective over
U , and by 4.3, e) the induced morphisms
ℓ+1⊕
OX −−→ f ∗f∗Lν −−→ Lν
are both surjective over V . By assumption one obtains embeddings
V −−→ P = P(f∗Lν |V ) −−→ Pℓ × U.
The projection to Pℓ extends to the morphism π : X → Pℓ, defined by the
sections of the sheaf H. For all hyperplanes H in Pℓ one has
L = OX(π∗(H) + E).
Let Pˇℓ denote the dual projective space. For a hyperplane H ⊂ Pℓ, we
will write [H ] ∈ Pˇℓ for the corresponding point. For each u ∈ U and for
Fu = f
−1(u) the set of all [H ] ∈ Pˇℓ with Fu ∩ H non-singular and not equal
to Fu is open. Let Su denote the complement. By [6], XVII, 3.2, for general
points u of (ℓ− 1)-dimensional components of Su, the intersection Fu ∩H will
have just one ordinary double point of type A1, i.e. a singularity given locally
analytic as the zero set of the equation x21+ . . .+x
2
n in C
n. Hence the locus Tu,
consisting of hyperplanes H with Fu ∩H having other types of singularities or
with Fu ⊂ H , is of codimension at least two in Pˇℓ.
As in [6], XVII, 6.1 those properties can also be considered in families, and
the corresponding sets depend algebraically on the parameter. In particular,
S = {([H ], u); Fu ⊂ H or Fu ∩H singular}
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is a closed subset of Pˇℓ×U . Let us choose a codimension 2 closed subscheme T
of Pˇℓ×U , contained in S such that S \ T is non-singular, of pure codimension
one, and
S \ T ⊂ {([H ], u); Fu 6⊂ H and Fu ∩H has one double point of type A1}.
Given [H ] ∈ Pˇℓ let SH and TH be the intersection of {[H ]}×U with S and T ,
respectively.
Lemma 5.1. There exists some [H ] ∈ Pˇℓ such that TH ∩ γ(C) = ∅, such
that SH meets γ(C) transversally, and such that π
∗(H) is non-singular and
π∗(H) + E a normal crossing divisor.
Here “SH meets γ(C) transversally” means that for a local section σ of OU
with zero set (SH)red, the holomorphic function γ
∗(σ) has zeros of order one.
Proof. γ : C→ U induces a holomorphic map
γ˜ : Pˇℓ × C −−→ Pˇℓ × U.
Since γ˜ is holomorphic, ∆(1) = γ˜−1(T ) is a complex subspace of Pˇℓ×C. Let ∆(2)
be the complex subspace of γ˜−1(S) given locally by the following condition.
Let σ be a local equation of S on Pˇℓ × U . Then ∆(2) is the analytic subspace
of the zero set of γ˜∗σ, where the multiplicity of γ˜∗σ is larger than or equal to
two. We choose ∆ = ∆(1) ∪∆(2).
By [9], page 172, ∆ has a decomposition
∆ =
⋃
i∈I
∆i
in irreducible components. The index set I is countable, since each point p ∈ C
has a small neighborhood U(p) such that Pˇℓ × U(p) meets only finitely many
of those components. As usual,
dim(∆) = Max{dim(∆i); i ∈ I}.
Claim 5.2. dim(∆) ≤ ℓ− 1.
Proof. If γ is not an embedding of a small neighborhood of a point p ∈ C, then
Pˇℓ × {p} ∩∆(2)
consists of all hyperplanes H passing through p, and its dimension is ℓ−1. The
set of those points is discrete. For all other points p and for all components
∆i of ∆
(2) one has
dim(Pˇℓ × {p} ∩∆i) ≤ ℓ− 2.
In fact, let U(p) denote a sufficiently small neighborhood of p. A general
[H ] ∈ Pˇℓ does not pass through γ(p), and for those who do, the intersection is
transversal, except for all [H ] in a codimension 2 subset of Pˇℓ.
If ∆i is one of the components of ∆
(1), then for all p ∈ C
dim(∆i ∩ Pˇℓ × {p}) = dim(T ∩ Pˇℓ × {γ(p)}) ≤ ℓ− 2.
In both cases, if ∆i is a component of ∆ with ∆i ⊂ Pˇℓ × {p}, we are done.
Otherwise choose for j = 1, 2 two points pj ∈ C with
Pˇℓ × {pj} ∩∆i 6= ∅.
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Then Pˇℓ×{p1}∩∆i is not dense in ∆i. Obviously, the dimension of Pˇℓ×{p1}∩∆i
is larger than or equal to dim(∆i) − 1, and by Ritt’s lemma ([9], page 102)
both must be equal. Hence
dim(∆i) = dim(Pˇ
ℓ × {p1} ∩∆i) + 1 ≤ ℓ− 1.

Claim 5.3. pr1(∆) does not contain an open analytic subset W ⊂ Pˇℓ.
Proof. We will show 5.3 by induction on ℓ, just using 5.2 but not the definition
of Pˇℓ as a dual projective space. If ℓ = 1, the set pr1(∆) is countable.
In general, if W ⊂ pr1(∆) we choose a point p ∈ C, such that none of the
countably many components of ∆ is contained in Pˇℓ×{p}. Moreover, for each
i ∈ I, we choose a point qi ∈ pr1(∆i). Let H ≃ Pˇℓ−1 be a hyperplane, passing
through p but not containing any of the points qi. Then, for each component
∆i, the intersection ∆i ∩H × C can not be dense in ∆i and
dim(∆i ∩H × C) < l − 1.
Hence
dim(∆ ∩H × C) ≤ ℓ− 2 = dim(H)− 1,
and since W ∩H is an open analytic subset of H , contained in pr1(∆∩H×C),
this contradicts the induction hypotheses. 
Recall that we assumed that the global sections of L generate the invertible
subsheaf H of L. In particular,
H0(X,H) = H0(X,Lν) = H0(Pℓ,OPℓ(1)),
and for [H ] in some Zariski open subscheme Pˇℓ0 of Pˇ
ℓ the preimage π∗(H) will
be non-singular and π∗(H) + E a normal crossing divisor. By 5.3 we can find
points [H ] in Pˇℓ0 \ pr1(∆), and for all of them the properties asked for in 5.1
hold true. 
From now on H is fixed, and we write T = B ∪ TH and S for the closure
of SH in Y . We will not use anymore the fact that TH is of codimension one,
and in the next step we will replace Y by a blow up with the centers partly
contained in TH .
Lemma 5.4. Assume that, contrary to 4.4, there exists γ : C → U with a
dense image. Then we may assume in addition to 4.3, a), b), d) and e), that
there exists a general section of Lν = ωνX/Y ⊗ f ∗A(D)−ν with zero divisor
H + E, and divisors S and T in Y such that:
i) S ∩ U is dense in S and S + T and f ∗(S + T ) are normal crossing
divisors.
ii) X → Y and H → Y are both smooth over U0 = Y \ (S ∪ T ).
iii) The fibres of H → Y over Y0 = Y \ T are reduced with at most an
ordinary double point.
iv) γ(C) ∩ T = ∅.
v) H is non-singular, and f(E) is contained in B.
vi) A is semi-ample, ample with respect to Y0, and D ≥ B.
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Proof. All this can be done by blowing up Y in centers not contained in γ(C)
and replacing f : X → Y by a desingularization of the pullback family. 
The section of Lν with zero divisor H + E gives rise to a cyclic covering
ψ′ : Z ′ → X (see for example [8], Section 3). The condition 5.4, ii), implies
that
g : Z0 = ψ
′−1f−1(U0) −−→ U0
is smooth, hence it gives rise to a variation of Hodge structures V0 = R
ng∗CZ0.
Lemma 5.5. The monodromy of V0 = R
ng∗CZ0 around the components of S
is finite.
Proof. Here we will use the assumption, that the dimension n of the fibres of
f is even.
A general curve C meets S transversally. Replacing C by some open subset,
we can assume that for a given component Si of S
C ∩ (S ∪ T ) = C ∩ Si = {p}.
The restriction
ψC : ZC = Z
′ ×Y C −−→ XC = X ×Y C
of the finite morphism ψ′ : Z ′ → X is a cyclic covering of order ν, totally
ramified along HC = H ×Y C. By the definition of S and T , the fibre Hp =
HC∩Fp has one singular point q, and we can choose locally analytic parameters
t in a neighborhood of p ∈ C and t, x1, . . . , xn in a neighborhood of q ∈ XC
such that HC is the zero-set of
∑n
i=1 x
2
i + t near q. Then locally near ψ
−1
C (q)
the covering ZC is given by the equation
n∑
i=1
x2i + t+ z
ν .
So g−1(p) has one isolated singularity, a double point of type Aν−1. As well
known (see [20], p. 132, for example), in even dimension the local monodromy
group of an Aν−1 singularity is finite, and as in [6] or [20], p. 41, one obtains
the same for the global monodromy. 
6. Higgs bundles
Notations 6.1. In this section we assume that f : X → Y satisfies the
conditions stated in 4.4, except possibly that A is not ample, but only semi-
ample and big. For the given holomorphic map γ : C→ U we assume moreover
the existence of the divisors S, T , H and E, satisfying the conditions in 5.4.
We define ∆ = f ∗(T ) and Σ = f ∗(S). Recall, that the original boundary
divisor B is contained in T . So the non-reduced components of ∆ or the
components of ∆ + Σ, mapping to codimension two subvarieties of Y , are all
supported in f−1B.
Let δ : X ′ → X be a blowing up of X with centers in ∆ + Σ such that
H ′ + ∆′ + Σ′ is a normal crossing divisor, where ∆′ = δ∗∆, Σ′ = δ∗Σ and
where H ′ is the proper transform of H . For L = ωX/Y ⊗ f ∗A(D)−1, we write
L′ = δ∗L. For E ′ = δ∗(H + E)−H ′ on finds L′ν = OX′(H ′ + E ′).
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Let g : Z0 → U0 be the fibre space, considered at the end of the last section,
obtained by restricting the cyclic covering ψ′ : Z ′ → X , given by the divisor
H + E in 5.4. We choose Z to be a desingularization of the normalization of
the fibre product X ′ ×X Z ′. Let us denote the induced morphisms by
Y
g←−−− Z δ′−−−→ Z ′
=
y ψy yψ′
Y
f ′←−−− X ′ δ−−−→ X.
Finally we write Π = g−1(S ∪ T ), and identify Z0 with Z \ Π.
In the sequel we will write T∗(− log •) for the dual of Ω1∗(log •).
By [5], for all k ≥ 0 the local constant system Rkg∗CZ0 gives rise to a local
free sheaf Vk on Y with the Gauß-Manin connection
∇ : Vk −−→ Vk ⊗ Ω1Y (log(S + T )),
where we assume that Vk is the quasi-canonical extension of
(Rkg∗CZ0)⊗C OY \(S∪T ),
i.e. that the real part of the eigenvalues of the residues around the components
of S + T lie in [0, 1).
By [25] Vk carries a filtration Fp by coherent subsheaves. If the monodromies
around the components of S + T are not unipotent the Fp are not necessarily
subbundles. However this is the case outside of the singular locus of S + T .
By abuse of notations, we will drop the assumption that Y is projective in
the first part of this section, leave out a codimension two subscheme W and
assume that f , f ′ and g are flat and that S + T is non-singular.
So the induced graded sheaves Ep,k−p are locally free, and they carry a Higgs
structure with logarithmic poles along S + T . Let us denote it by
(grF (Vk), grF(∇)) = (E, θ) =
(
k⊕
q=0
Ek−q,q ,
k⊕
q=0
θk−q,q
)
.
As in [32] we will consider a second system of sheaves related to Z and to the
pair (X,H). We define
F p,q = Rqf ′∗(δ
∗(ΩpX/Y (log∆))⊗ L′(−1))/torsion.
Here, for η = 0, . . . , ν − 1, the invertible sheaves L′(−η) are defined as
L′(−η) = L′−η ⊗OX′
([
η · (H ′ + E ′)
ν
])
= L′−η ⊗OX′
([
η · E ′
ν
])
.
As well-known (see for example [10], page 130) the bundles Ep,q have a similar
description:
Ep,q = Rqg∗Ω
p
Z/Y (logΠ).
Let
τp,q : F
p,q −−→ F p−1,q+1 ⊗ Ω1Y (log T ) and
θ˜p,q : E
p,q −−→ Ep−1,q+1 ⊗ Ω1Y (log(S + T ))
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be the edge morphisms of the tautological exact sequences
(6.1.1) 0→ f ′∗Ω1Y (log T )⊗ δ∗(Ωp−1X/Y (log∆))⊗ L′(−1) →
δ∗(gr(ΩpX(log∆)))⊗ L′(−1) → δ∗(ΩpX/Y (log∆))⊗L′(−1) → 0,
and
(6.1.2)
0→ g∗Ω1Y (log(S+T ))⊗Ωp−1Z/Y (logΠ)→ gr(ΩpZ(log Π))→ ΩpZ/Y (logΠ)→ 0,
respectively, where
gr(ΩpX(log∆)) = Ω
p
X(log∆)/f
∗Ω2Y (log T )⊗ Ωp−2X/Y (log∆), and
gr(ΩpZ(logΠ)) = Ω
p
Z(logΠ)/g
∗Ω2Y (log S + T )⊗ Ωp−2Z/Y (log Π).
The Gauß-Manin connection is the edge morphism of
0→ g∗Ω1Y (log(S+T ))⊗Ω•−1Z/Y (logΠ)→ gr(Ω•Z(log Π))→ Ω•Z/Y (logΠ)→ 0,
hence θp,q = θ˜p,q.
Lemma 6.2. Let • stand either for Spec(C) or for Y . Then the group Z/ν acts
on ψ∗Ω
p
Z/•(log(Π + ψ
∗H ′)) and on ψ∗Ω
p
Z/•(log(Π)). One has a decomposition
in sheaves of eigenvectors
ψ∗Ω
p
Z/•(log(Π + ψ
∗H ′)) ∼=
ν−1⊕
η=0
ΩpX′/•(log(∆
′ + Σ′ +H ′))⊗L′(−η) and
ψ∗Ω
p
Z/•(log Π)
∼= ΩpX′/•(log(∆′ + Σ′))⊕
ν−1⊕
η=1
ΩpX′/•(log(∆
′ + Σ′ +H ′))⊗L′(−η),
compatible with the tautological sequences.
Proof. By [8], 3.21 and 3.22, there are natural inclusions
ψ∗ΩpX′/•(log(∆
′ + Σ′ +H ′)) −−→ ΩpZ/•(log(Π + ψ∗H ′)),
and Rβψ∗Ω
p
Z/•(log(Π+ ψ
∗H ′)) = 0, for β > 0. In fact, in [8] this is just stated
for • = Spec(C), but the general case follows by induction, considering the
tautological sequences. Since Z/ν acts on ψ∗OZ with
ψ∗OZ =
ν−1⊕
η=0
L′(−η)
as decomposition in sheaves of eigenvectors, one obtains the first decomposition
in 6.2. H ′ is totally ramified in Z. Hence there is an exact sequence
0→ ψ∗ΩpZ/•(log Π)→ ψ∗ΩpZ/•(log(Π + ψ∗H ′))→ Ωp−1H′/•(log(∆′ + Σ′)|H′)
and the two sheaves on the right hand side differ only in the Z/ν invariant
part. 
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Lemma 6.3. Using the notations introduced above, let
ι : Ω1Y (log T ) −−→ Ω1Y (log(S + T ))
be the natural inclusion. Then there exist morphisms ρp,q : F
p,q → Ep,q such
that:
i) The diagram
Ep,q
θp,q−−−→ Ep−1,q+1 ⊗ Ω1Y (log(S + T ))
ρp,q
x xρp−1,q+1⊗ι
F p,q
τp,q−−−→ F p−1,q+1 ⊗ Ω1Y (log T ).
commutes.
ii) There is an invertible sheaf A, semi-ample and ample with respect to
Y \ T , an effective divisor D′, and an injection A(D′) → F n,0, which
is an isomorphism over Y \ T .
iii) τn,0 induces a morphism
τ∨ : TY (− log T ) = (Ω1Y (log T ))∨ −−→ F n,0
∨ ⊗ F n−1,1,
which coincides over Y \ (S ∪ T ) with the Kodaira-Spencer map
TY (− log T ) −−→ R1f∗TX/Y (− log∆).
In particular this morphism is injective.
iv) The morphisms ρn−m,m are injective, for all m.
v)
(
n⊕
q=0
En−q,q ,
n⊕
q=0
θn−q,q
)
is a Higgs bundle with logarithmic poles along S+T , induced by a varia-
tion of Hodge structures with finite monodromy around the components
of S.
Remark 6.4. Instead of 6.3, iii) and iv) we will use later just the injectivity
of τ∨ and of ρn−m,m for m = 0 and m = 1.
Proof. The proof is similar to the proof of 3.2 in [32]. It is well-known, that
the bundle in v) is the Higgs bundle for the variation of Hodge structures on
Rng∗CZ0 . The condition on the monodromy follows from 5.5. By 6.2 the sheaf
Rqf ′∗(Ω
p
X′/Y (log(H
′ +∆′ + Σ′))⊗L′(−1))
is a direct factor of Ep,q. The morphism ρp,q is induced by the natural inclusions
(6.4.1) δ∗ΩpX/Y (log∆)→ δ∗ΩpX/Y (log(∆ + Σ))
→ ΩpX′/Y (log(∆′ + Σ′))→ ΩpX′/Y (log(H ′ +∆′ + Σ′)).
Over Y \ (S ∪ T ) the kernel of ρn−m,m is a quotient of the sheaf
Rm−1(f ′|H′)∗(Ωn−m−1H′/Y ⊗ L′−1|H′).
Since the relative dimension of H ′ over Y is n − 1 and since L′ is fibrewise
ample, the latter is zero by the Akizuki-Kodaira-Nakano vanishing theorem.
So ρn−m,m is injective, as claimed in iv).
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The injective morphism in (6.4.1) also exist for Y replaced by Spec(C), and
the exact sequence (6.1.1) is a subsequence of
(6.4.2) 0→ f ′∗Ω1Y (log(S + T ))⊗ Ωp−1X′/Y (log(H ′ +∆+ Σ))⊗ L′(−1) →
gr(ΩpX′(log(H
′ +∆+Σ)))⊗L′(−1) → ΩpX′/Y (log(H ′ +∆+Σ))⊗L′(−1) → 0.
Finally by 6.2 this sequence is obtained by taking the sheaves of eigenvectors
in the direct image of the exact sequence (6.1.2) under ψ : Z → X ′. One
obtains i).
By definition F n,0 = f ′∗(δ
∗(ΩnX/Y (log∆)) ⊗ L′(−1)). Comparing the first
Chern classes for the tautological sequence for f one finds
F n,0 = f ′∗(δ
∗(ωnX/Y (∆red −∆))⊗ L′(−1)).
Recall that f is smooth over Y \ B, for the divisor B considered in 4.3, c).
Hence
f ∗B ≥ −∆red +∆
and ΩnX/Y (log∆) contains ωX/Y (−f ∗B). Moreover, by 4.3, c), D′ = D − B is
effective. By definition, L = ωX/Y ⊗ f ∗A(D′ +B)−1, and
L′(−1) = L′−1 ⊗OX′
([
E ′
ν
])
.
Therefore δ∗(ΩnX/Y (log∆)) ⊗ L′(−1) contains ωX/Y (−f ∗B) ⊗ L′(−1), hence the
sheaf
f ′
∗
(A(D′))⊗OX′
([
E ′
ν
])
,
and ii) holds true. For iii), recall that over Y \ (S ∪ T ) the sheaf L′(−1) is
nothing but
L′−1 = δ∗(L−1).
Since Rµδ∗OX′ = 0, by the projection formula the morphism
(τn,0 ⊗ idA(D′)−1)|Y \(S∪T )
is the restriction of the edge morphism of the short exact sequence
0→ f ∗Ω1U ⊗ Ωn−1V/U ⊗ ω−1V/U → gr(ΩnV )⊗ ωV/U−1 → ΩnV/U ⊗ ω−1V/U → 0.
Since f |V is smooth with n-dimensional fibres, the sheaf on the right hand side
is OV and the one on the left hand side is f ∗Ω1U ⊗ TV/U . Tensoring with
f ∗TU = f
∗(Ωr−1U ⊗ ω−1U )
and dividing by the kernel of the wedge product
f ∗Ω1U ⊗ f ∗(Ωr−1U ⊗ ω−1U ) −−→ OV
on the left hand side, one obtains an exact sequence
(6.4.3) 0 −−→ TV/U −−→ G −−→ f ∗TU −−→ 0,
where G is a quotient of gr(ΩnV )⊗ωV −1⊗f ∗Ωr−1U . By definition, the restriction
to Y \ (S ∪ T ) of the morphism considered in iii) is the first edge morphism in
the long exact sequence, obtained by applying R•f∗ to (6.4.3).
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The wedge product induces a morphism
ΩnV ⊗ ωV −1 ⊗ f ∗Ωr−1U −−→ Ωn+r−1V ⊗ ω−1V = TV .
Since r = dim(U) this morphism factors through G. Hence the exact sequence
(6.4.3) is isomorphic to the tautological sequence
(6.4.4) 0 −−→ TV/U −−→ TV −−→ f ∗TU −−→ 0.
The edge morphism TU → R1f∗TV/U of (6.4.4) is the Kodaira-Spencer map.
Since we assumed U to be generically finite over the moduli space, this mor-
phism is injective. 
Let us return to the case “Y projective”. We will choose for Ep,q and F p,q
the maximal coherent extension of the sheaves defined above outside of a codi-
mension two subvariety of Y . Of course, the morphisms θp,q, τp,q and ρp,q
extend, and the properties i) - v) in 6.3 remain true.
By [26], page 12, θ ∧ θ = 0 hence the image of the composite
θn−q+1,q−1 ◦ · · · ◦ θn,0 : En,0 −−→ En−q,q ⊗
q⊗
Ω1Y (log(S + T ))
factors through
θq : En,0 −−→ En−q,q ⊗ SqΩ1Y (log(S + T )).
By 6.3, ii) A(D′) is a subsheaf of F n,0 and hence of En,0, and one obtains a
morphism
A(D′) −−→ ρn−q,q(F n−q,q)⊗ SqΩ1Y (log T ) ⊂−−→ En−q,q ⊗ SqΩ1Y (log T )
Sm(ι)−−−→ En−q,q ⊗ SqΩ1Y (log(S + T )),
and thereby a morphism
τ ′
q
: Sq(TY (− log T )) −−→ En−q,q ⊗A(D′)−1.
The pullback of τ ′q, via γ : C −−→ Y \T −−→ Y , composed with the q-th tensor
power of the differential of γ
dγq : T q
C
−−→ γ∗(SqTY (− log T ))
gives
τ˜ q : T q
C
−−→ γ∗(En−q,q ⊗A(D′)−1).
We choose
m = Min{q ∈ N; τ˜ q+1(T q+1
C
) = 0}
and put τ = τ ′m and τ˜ = τ˜m.
The morphism τ ′1 factors like
TY (− log T ) −−→ F n−1,1 ⊗A(D′)−1 ρn−1,1−−−→ En−1,1 ⊗A(D′)−1.
By 6.3, iii) the first of those morphisms is injective, and by 6.3, iv) the second
one as well. Therefore τ ′1 is injective. Since we assumed γ(C) to be dense, the
pullback of an injective morphism of sheaves under γ remains injective. Hence
τ˜ 1 is injective, and m > 0.
Altogether, starting from the morphism in 4.4 and from a holomorphic map
γ : C → U with dense image, we constructed divisors S and T with the
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properties stated in 5.4, and we constructed Higgs bundles which satisfy the
properties a) - d) given below.
Lemma 6.5. For some m > 0 there exist an invertible sheaf A, an effective
divisor D′ and a morphism of sheaves
τ : SmTY (− log T ) −−→ En−m,m ⊗A(D′)−1 −−→ En−m,m ⊗A−1,
such that the composite
τ˜ = γ∗τ ◦ dγm : Tm
C
−−→ γ∗(SmTY (− log T )) −−→ γ∗(En−m,m ⊗A−1)
satisfies:
a) τ˜ is injective.
b) τ˜ (Tm
C
) ⊂ N ⊗ γ∗(A−1)
for a sub-linebundle N of
Ker(γ∗(θn−m,m) : γ
∗(En−m,m) −−→ γ∗(En−m−1,m+1)⊗ Ω1
C
(log γ−1(S))).
c)
(E, θ) =
( ⊕
p+q=n
Ep,q, θp,q
)
is the Higgs bundle, corresponding to the quasi-canonical extension V
of V0 ⊗C OY \(S∪T ) for a geometric variation of Hodge structures V0,
with finite monodromies around the components of S.
d) γ(C) does not meet T .
e) A is ample.
At the end of the next section we will show, that those properties lead to
a contradiction to the Ahlfors-Schwarz lemma. Hence the holomorphic map γ
can not exist.
Proof. All properties hold true, for the Higgs bundles constructed above, with
A semi-ample and big. Choose some η > 0 such that Aη contains an ample
invertible sheaf A′, and consider the Higgs bundles
(E ′, θ′) = (E⊗η, θ′) and (F ′, τ ′) = (F⊗η, τ ′).
Again we first consider them on Y −W , where W is the singular locus of S∪T
and then we take the maximal extension to Y . By [26], page 70, the morphism
θ′ : E⊗η −−→ E⊗η ⊗ ΩY (log(S + T ))
is given by
θ′ = θ ⊗ idE ⊗ · · · ⊗ idE + idE ⊗ θ ⊗ · · · ⊗ idE + · · ·+ idE ⊗ · · · ⊗ idE ⊗ θ,
and similarly for F ′ and τ ′. The decomposition as a direct sum is⊕
p+q=k
E ′
p,q
and
⊕
p+q=k
F ′
p,q
,
with
E ′
p,q
=
⊕ η⊗
i=1
Epi,qi and F ′
p,q
=
⊕ η⊗
i=1
F pi,qi,
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where the direct sums are taken over all p1, . . . , pη, q1, . . . , qη with
η∑
i=1
pi = p, and
η∑
i=1
qi = q.
Again we have morphisms
ρ′p,q =
⊕ η⊗
i=1
ρpi,qi : F
′p,q −−→ E ′p,q,
compatible with θ′p,q and τ
′
p,q. In particular ρ
′
nη,0 is the η-th tensor product of
ρn,0, hence injective. The same holds true for ρ
′
nη−1,1 which is the direct sum
of morphisms of the form
ρn,0 ⊗ · · · ⊗ ρn−1,1 ⊗ · · · ⊗ ρn,0.
The properties i) and v) in 6.3 remain true, with E and F replaced by E ′ and
F ′, for nη instead of n in v). In ii) one has an injection
A′ −−→ A(D′)η −−→ F ′nη,0 = (F n,0)⊗η.
The morphism
τ ′nη,0 : F
n,0⊗η −−→ (F n−1,1 ⊗ F n,0 ⊗ · · · ⊗ F n,0 ⊕ F n,0 ⊗ F n−1,1 ⊗ · · · ⊗ F n,0⊕
· · · ⊕ F n,0 ⊗ F n,0 ⊗ · · · ⊗ F n−1,1)⊗ Ω1Y (log T )
is a direct sum of morphisms of the form
idFn,0 ⊗ · · · ⊗ θn,0 ⊗ · · · ⊗ idFn,0,
hence it induces the diagonal morphism
⊕τ∨ : TY (− log T ) −−→ F ′nη,0∨ ⊗ F ′n−1,1 =
η⊕
F n,0
∨ ⊗ F n−1,1.
In particular the injectivity of the morphisms in 6.3, iii), carries over.
As remarked in 6.4 the injectivity of ⊕τ∨, ρ′nη,0 and of ρ′nη−1,1 is sufficient to
perform the constructions with E ′ and F ′ instead of E and F , and to obtain
some m > 0 and the morphisms τ and τ˜ satisfying the properties a) and b),
with A replaced by Aη. The latter contains the ample sheaf A′, hence e) holds
true.
Finally the Higgs bundle (E ′, θ′) comes from the locally free extension V ′ =
V⊗η of V⊗η0 ⊗C OY \(S∪T ). The eigenvalues of the residues of the induced con-
nection lie in R≥0, hence V ′ is contained in the quasi-canonical extension V ′′.
Replacing V ′ by V ′′, we enlarge the sheaves E ′p,q, which is allowed without
changing the properties a) and b). 
7. Curvature estimates and the Ahlfors-Schwarz lemma
Let T be the normal crossing divisor in 6.5, and let T =
∑ℓ
i=1 Ti be its
decomposition in irreducible components. Let si be the section of Li = OY (Ti)
with zero set Ti. We choose a hermitian metric gi on Li and define
ri = − log ||si||2gi and r = r1 · · · · · rℓ.
Given any constant c > 1, by rescaling the sections si, i.e. by replacing si by
ǫ · si, for ǫ sufficiently small, one may assume that ri ≥ c.
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On the ample invertible linebundle A in 6.5 we choose a metric g such that
the curvature form Θ(A, g) is positive definite. For a positive integer α we
define a new metric gα = g · rα on A|Y \T .
Recall that a hermitian form ωα on TY (− log T ) is continuous and posi-
tive definite, if each point in Y has a neighborhood U with local coordinates
z1, . . . , zn, such that T ∩ U is the zero set of z1 · · · · · zk and such that, writing
ι1 = · · · = ιk = 1 and ιk+1 = · · · ιn = 0,
ωα =
√−1
∑
1≤i,j≤n
ai,j
dzi
zιii
∧ dz¯j
z¯j ιj
for a continuous and positive definite hermitian matrix (aij)1≤i,j≤n.
Lemma 7.1. Rescaling the si, if necessary, there exists a continuous and
positive definite hermitian form ωα on TY (− log T ) with
r2Θ(A|Y \T , gα) ≥ ωα.
Proof. We recall the formula for the curvature calculation of a linebundle with
a metric (L, g) (see for example [7], 7.1). Let
L|U ≃ U × C
be a local trivialization of L and let sU be a holomorphic section of L|U , which
does not vanish in any point of U . Then sU corresponds to a holomorphic
function hU on U, and the metric g is given by
||su||2g = |hU |2e−φ.
The curvature Θ(L, g) is given by
Θ(L, g) =
√−1
2π
∂∂¯φ.
Applying this formula (see also [21], proof of 3.1), one finds
Θ(A, gα) = Θ(A, grα) = Θ(A, ge−(−α log r)) = Θ(A, g)−
√−1α
2π
∂∂¯ log r
= Θ(A, g)−
ℓ∑
i=1
√−1α
2π
∂∂¯ log ri = Θ(A, g)−
ℓ∑
i=1
√−1α
2π
∂
∂¯ri
ri
= Θ(A, g)−
ℓ∑
i=1
αΘ(Li, gi)
ri
+
√−1α
2π
∂ri ∧ ∂¯ri
r2i
.
Rescaling the sections si one can assume that the ri are larger than a large
constant c > 1, hence that
Θ(A, g)−
ℓ∑
i=1
ω′α :=
αΘ(Li, gi)
ri
is a continuous and positive definite (1,1)-form on Y. Moreover
Θ(A, gα) = ω′α +
ℓ∑
i=1
√−1α
2π
∂ri ∧ ∂¯ri
r2i
≥ ω′α +
√−1α
2π
ℓ∑
i=1
∂ri ∧ ∂¯ri
r2
.
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The (1,1) form √−1α
2π
ℓ∑
i=1
∂ri ∧ ∂¯ri
is clearly positive semi-definite on Y \ T .
Claim 7.2. Assume again that T ∩ U is the zero set of z1 · · · · · zk for local
coordinates z1, . . . , zn on U . Then in a small neighborhood of T ∩ U the form
√−1α
2π
ℓ∑
i=1
∂ri ∧ ∂¯ri
is positive definite on the subspace of TY (− log T )|U spanned by
{z1∂z1 , . . . , zk∂zk}.
Proof. Near Ti the section si can be expressed as
si = ziti, ||si||2gi = ziz¯i||ti||2gi = ziz¯ifi,
where ti a local basis of Li and where fi is a positive Function. So,
ri = − log ||si||2gi = − log zi − log z¯i − log fi,
∂ri = −dzi
zi
− 1
fi
n∑
j=1
∂fi
∂zj
dzj,
and
∂¯ri = −dz¯i
z¯i
− 1
fi
n∑
j=1
∂fi
∂z¯j
dz¯j.
So the leading term in √−1α
2π
ℓ∑
i=1
∂ri ∧ ∂¯ri
near T ∩ U is √−1α
2π
k∑
i=1
dzi
zi
∧ dz¯i
z¯i
.
Obviously this form is positive definite on the subspace spanned by
{z1∂z1 , . . . , zk∂zk}.

Since we assumed that r ≥ 1,
r2Θ(A|Y \T , gα) ≥ r2ω′α +
√−1α
2π
ℓ∑
i=1
∂ri ∧ ∂¯ri ≥ ω′α +
√−1α
2π
ℓ∑
i=1
∂ri ∧ ∂¯ri.
By 7.2 the (1,1) form
ωα = ω
′
α +
√−1α
2π
ℓ∑
i=1
∂ri ∧ ∂¯ri
is continuous and positive definite on TY (− log T ). 
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Let γ : C → Y \ T be the holomorphic map with Zariski dense image,
considered in 6.5 and let t be the global coordinate on C. We take the ample
bundle A on Y with the metric gα on Y \ T and the hermitian metric ωα on
TY (− log T ) from lemma 7.1. Writing again
dγ : TC → γ∗TY (− log T )
for the differential, one finds
γ∗ωα =
√−1||dγ(∂t)||2γ∗ωαdt ∧ dt¯,
and 7.1 implies:
Corollary 7.3. γ∗r2Θ(A|Y \T , gα) ≥
√−1||dγ(∂t)||2γ∗ωαdt ∧ dt¯.
Let us return to the morphism of sheaves in 6.5:
τ : SmTY (− log T ) −−→ En−m,m ⊗ (A(D′))−1 →֒ En−m,m ⊗A−1
τ˜ := γ∗τ ◦ (dγ)m : Tm
C
−−→ γ∗SmTY (− log T ) →֒ γ∗(En−m,m ⊗A−1).
By 6.5, c) En−m,m is a sub quotient of the quasi-canonical extension of a
geometric variation of Hodge structures V0 on Y \ S ∪ T . By Kawamata’s
construction (see [31], 2.5) one finds a finite morphism π : Y ′ → Y with Y ′
non-singular and S ′+T ′ = π∗(S + T ) a normal crossing divisors such that the
local monodromies of the pullback π∗V0 around S
′+T ′ are unipotent. For the
discriminant ∆(Y ′/Y ) of π : Y ′ → Y both,
∆(Y ′/Y ) + S + T and π∗(∆(Y ′/Y ) + S + T )
are normal crossing divisors. Moreover, for a component Ti of S + T there
exists some µi with
π∗Ti = µi · (π∗Ti)red.
Since we assumed the local monodromy of V0 around the components of S to
be of finite order, the local monodromy of π∗V0 around the components of S
′ =
π∗(S) is trivial, hence π∗V0 extends to a variation of Hodge structures V
′
0 across
S ′. Let h and h′ denote the Hodge metrics on V0 and V
′
0, respectively. We use
the same notation for the induced metric on the Higgs bundles
⊕
Ep,q and⊕
E ′p,q, where the latter is given by sub quotients of the canonical extension
of V′0 across T
′ = π∗T. We have an inclusion of sheaves
ι : (π∗En−m,m, π∗h) →֒ (E ′n−m,m, h′),
such that π∗(h) = ι∗(h′) on Y ′ \ S ′ ∪ T ′.
Consider the diagram of morphisms of analytic spaces
(7.3.1)
C′
γ′−−−→ Y ′
π′
y πy
C
γ−−−→ Y
where C′ is obtained as a normalization of the fibre product. Hence if U ⊂ C
is a sufficiently small neighborhood of t0 ∈ γ−1(S), then for each t′0 ∈ π′−1(t0)
there exists a connected component U ′ ⊂ π′−1(U) and a coordinate function
t′ on U ′, for which the map π′ : U ′ → U is given by
(7.3.2) t− t0 = π′(t) = (t′ − t′0)µ0 , for some µ0 ∈ N− {0}.
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By 6.5, b), τ˜ (Tm
C
) is contained in an invertible linebundle N ⊗ γ∗(A−1), where
N is a sub-linebundel of the kernel of γ∗(θn−m,m). If
θ′n−m,m : E
′n−m,m −−→ E ′n−m−1,m+1 ⊗ Ω1Y ′(log π∗(T ))
denotes the Higgs structure on Y ′, we have a commutative diagram
γ′∗E ′n−m,m
γ′∗(θ′n−m,m)−−−−−−−→ γ′∗E ′n−m−1,m+1 ⊗ Ω1
C′
(log S ′)
γ′∗(ι)
x⊂ γ′∗(ι)⊗π′∗x⊂
γ′∗π∗En−m,m
γ′∗π∗(θn−m,m)−−−−−−−−−→ γ′∗π∗En−m−1,m+1 ⊗ π∗Ω1
C
(log S).
So ι induces an inclusion
π′
∗
ker(γ∗(θn−m,m))
⊂−−→ ker(γ′∗(θ′n−m,m)),
hence there exists a sub-linebundle
N ′ ⊂ ker(γ′∗(θ′n−m,m))
with
(7.3.3) π′
∗
τ˜(Tm
C
) ⊂ π′∗(N )⊗ γ′∗(π∗A−1) ⊂ N ′ ⊗ γ′∗(π∗A−1).
As in [32], 1.1, using θ′n−m,m(N ′) = 0 and P. Griffith’s estimates for the curva-
ture of the Hodge metric ([10], chapter II) one obtains:
Lemma 7.4. The curvature Θ(N ′, h′|N ′) of the restricted Hodge metric on N ′
is negative semi-definite on Y ′ \ T ′.
The Hodge metric h defines a metric h ⊗ g−1α on En−m,m ⊗ A−1|Y \S∪T . By
6.5, a), τ˜ 6= 0 and since γ(C) is Zariski dense in Y we may define a non-zero
positive semi-definite Ka¨hler form
√−1c(t)dt ∧ dt¯ on C \ γ−1(S) by choosing
c(t) = ||τ˜((∂t)m)||
2
m
γ∗(h⊗g−1α )
.
Lemma 7.5. Let µ denote the lowest common multiple of all the ramification
orders of components of π∗(S) over Y . Then there exists an effective divisor
Π on C (i.e. a locally finite sum
∑
βiPi with βi ≥ 0) and a linebundle N (µ)
on C with
τ˜ (Tm
C
)µ ⊗OC(Π) = N (µ) ⊗ γ∗A−µ and π′∗N (µ) = N ′µ.
Proof. By (7.3.3) π′∗τ˜(Tm
C
) is a subsheaf of N ′ ⊗ γ′∗(π∗A−1). Using the de-
scription of π′ in (7.3.2), we choose for a given point t′0 ∈ π′−1γ−1(S) a small
neighborhood U ′ and some ρ ∈ N with
π′
∗
τ˜ (Tm
C
)|U ′ ⊗OU ′(ρ · t′0) = N ′ ⊗ γ′∗(π∗A−1)|U ′.
The number ρ
µ0
is determined by the monodromy of V0 around the component
of S containing γ(t0), hence it is independent of the point t
′
0 ∈ π′−1(t0). Since
the ramification order µ0 in (7.3.2) divides µ we may choose Π to be the
effective divisor with Π|U = ρ·µµ0 · t0 and
N (µ) = τ˜ (Tm
C
)µ ⊗OC(Π)⊗ γ∗Aµ.

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Outside of π′∗Π the metrics γ′∗h′µ and π′∗γ∗hµ on N ′µ coincide, hence γ∗hµ
extends to a metric h(µ) on N (µ) and
c(t) = ||τ˜((∂t)m)µ||
2
m·µ
h(µ)⊗γ∗g−µα
.
In particular
√−1c(t)dt ∧ dt¯ defines a semi-definite Ka¨hler form on C. The
induced metric F is a singular metric in the sense described in [7], 7.1, or
[22], Section 2. The curvature current of TC is then defined to be the closed
(1,1)-current
Θ(TC, F ) = −
√−1
2π
∂∂¯ log c(t).
Lemma 7.6. There exists some ǫ′ > 0 with
−Θ(TC, F ) ≥ ǫ′γ∗Θ(A|Y \T , gα)
in the sense of currents.
Proof. Let [Π] denote the current of integration over the divisor Π. As in [7],
proof of 7.2, one defines a singular metric |s|2 on sections of OC(Π) by taking
the square of the modulus of s viewed as a complex valued function. By the
Lelong-Poincare´ equation [Π] is the curvature current of this metric. One finds
Θ(Tm·µ
C
, Fm·µ) + γ∗Θ(Aµ|Y \T , gα·µ) + [Π] = Θ(N (µ), h(µ)).
By [22], section 2, the curvature current of a singular metric on a holomorphic
linebundle on a complex manifold is compatible with pullback under holomor-
phic maps. Hence
π′
∗
Θ(N (µ), h(µ)) = Θ(N ′µ, h′µ) = µ ·Θ(N ′, h′).
By 7.4 the latter is negative semi-definite, hence Θ(N (µ), h(µ)) ≤ 0. Moreover,
[Π] ≥ 0 in the sense of currents, hence
−Θ(TC, F ) = − 1
m · µΘ(T
m·µ
C
, Fm·µ) ≥ 1
m
γ∗Θ(A|Y \T , gα).

Lemma 7.7. For α≫ 1 there exists some ǫ > 0 with
γ∗Θ(A|Y \T , gα) ≥ ǫ
√−1c(t)dt ∧ dt¯.
Proof. We will use the notations from 7.5, in particular the metric h(µ) on
N (µ). Recall that
c(t) = ||τ˜((∂t)m)µ||
2
m·µ
h(µ)⊗γ∗g−µα
,
and that by 7.3, for all α > 0
γ∗Θ(A|Y \T , gα) ≥
√−1γ∗r−2||dγ(∂t)||2γ∗ωαdt ∧ dt¯.
Hence in order to show 7.7 it remains to verify that for α ≫ 1, there exists
some ǫ > 0 with
(7.7.1) γ∗r−2||dγ(∂t)||2γ∗ωα ≥ ǫγ∗r−
α
m ||τ˜((∂t)m)µ||
2
m·µ
h(µ)⊗γ∗g−µ
= ǫ||τ˜((∂t)m)µ||
2
m·µ
h(µ)⊗γ∗g−µα
.
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Given a point p ∈ Y choose a small polydisk U with coordinates z1, . . . , zn, in
such a way that the divisors T ∩ U and S ∩ U are defined by the equation
z1 · · · · · zk = 0 and zk+1 · · · · · zk+k′ = 0.
Let π : Y ′ → Y be the cover ramified along S + T which we considered
in (7.3.1). Choosing U small enough, we may assume that the connected
component U ′ ⊂ π−1(U) are polydisks with coordinates {w1, . . . , wn}, and
that π is defined by
π(w1, . . . , wn) = (z
µ1
1 , . . . , z
µn
n ).
Hence for S ′ = π∗(S)red, and T
′ = π∗(T )red, the restrictions to U
′ are the zero
sets of
w1 · · · · · wk and wk+1 · · · · · wk+k′,
respectively.
Consider as above the Higgs bundle
⊕
E ′p,q obtained from the canonical
extension of V′0 along T
′, and let {e′1, e′2, . . .} be a basis for E ′n−m,m|U ′.
Claim 7.8. For U and U ′ sufficiently small, there exist some β ′ ≫ 1 and a
real number c > 0 with
h′(e′i(w), e
′
j(w)) ≤ c((− log |w1|) · (− log |w2|) · · · · · (− log |wk|))β
′
,
for all w = (w1, . . . , wn) ∈ U ′ \ T ′.
Proof. By [4], 5.21, U ′0 = U
′ \ T ′ can be decomposed into
U ′0 =
⋃
U ′
I
0,K ,
where the open subset U I0,K depends on the index of the filtration of the mixed
Hodge structure (see Section 5.7 of [4]), and such that
h′(e′i(w), e
′
i(w)) ∼ (− log |w1|)l1/2 · (− log |w2|)(l2−l1)/2 · · · · · (− log |wk|)(lk−lk−1)/2,
for all w ∈ U ′I0,K , where (l1, l2, . . . , lk) is the multi index of the weight filtration
of the mixed Hodge structure. Since this index set is finite, there exist some
β ′ ≫ 1 and some c > 0 such that
h′(e′i(w), e
′
i(w)) ≤ c((− log |w1|) · (− log |w2|) · · · · · (− log |wk|))β
′
,
for all w ∈ U ′I0,K and for all I. Hence
h′(e′i(w), e
′
i(w)) ≤ c((− log |w1|) · (− log |w2|) · · · · · (− log |wk|))β
′
,
for all w ∈ U ′ \ T ′. By the Cauchy-Schwarz inequality we obtain
h′(e′i(w), e
′
j(w)) ≤ c((− log |w1|) · (− log |w2|) · · · · · (− log |wk|))β
′
,
for all w ∈ U ′ \ T ′. 
Y is compact, hence there is a finite covering {U} of Y such that for all U
and each of the finitely many connected components U ′ of π−1(U), 7.8 holds
true. We may even assume, that 7.8 remains true, for the same β ′, for all point
in a small neighborhood of the closure U¯ ′, not lying on T ′.
We choose some α≫ 1 such that for all the open sets U ′ and for the constant
β ′ given by 7.8 one has
α ≥ β ′ + 2m.
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In order to prove (7.7.1) it is sufficient to show that on each U ′ there is some
ǫ > 0 with
(7.8.1)
||π′∗dγ(∂t)|γ′−1(U ′)||2π′∗γ∗ωα ≥ ǫπ′∗γ∗(r−α/m+2)||τ˜((∂t)m)|γ′−1(U ′)||
2
m
π′∗γ∗(h⊗g−1).
Let us return to the diagram (7.3.1). As in the beginning of this section, for
each component Ti of T we consider Li = OY (Ti) with the hermitian metric
gi, and π
∗Li with the pullback metric π
∗gi. Let si be a section of Li with zero
locus Ti, where we assume that si has been rescaled as needed in 7.3 for the
constant α, chosen above.
For the section s′i = π
∗si define
r′i = − log ||s′i||π∗gi
and r′ = r′1 · · · · · r′ℓ. Obviously one has r′i = π∗ri and r′ = π∗r.
Proof of the inequality (7.8.1). Let {φ1, φ2, . . .} be an orthonormal basis for
TY (− log T )|U , with respect to ωα. Then
{φi1 ⊗ · · · ⊗ φim ; i1 ≤ · · · ≤ im}
is an orthonormal basis for SmTY (− log T )|U with respect to ωα and
{γ∗(φi1 ⊗ · · · ⊗ φim); i1 ≤ · · · ≤ im}
is an orthonormal basis for γ∗SmTY (− log T )|γ−1U with respect to γ∗ωα. Then,
using the morphisms in (7.3.1),
{γ′∗π∗(φi1 ⊗ · · · ⊗ φim); i1 ≤ · · · ≤ im}
is an orthonormal basis for γ′∗π∗SmTY (− log T )|γ′−1U ′ with respect to γ′∗π∗ωα.
For the map
(7.8.2) dγm : Tm
C
|γ−1(U) → γ∗(SmTY (− log T )|U),
write
dγm((∂t)
m|γ−1(U)) =
∑
ci1,...,imγ
∗(φi1 ⊗ · · · ⊗ φim).
Then
||dγ(∂t)|γ−1(U)||2γ∗ωα = (
∑
|ci1,...,im|2)1/m.
Let
π′
∗
dγm : π′
∗
Tm
C
|γ−1(U) → π′∗γ∗(SmTY (− log T )|U)
be the pullback of the morphism (7.8.2). By the commutativity of (7.3.1) one
obtains
π′
∗
dγm((∂t)
m)|γ′−1π−1(U) =
∑
π′
∗
(ci1,...,im)γ
′∗π∗(φi1 ⊗ · · · ⊗ φim)
and
||π′∗dγ(∂t)|γ′−1π−1(U)||2π′∗γ∗ωα = (
∑
π′
∗|ci1,...,im|2)1/m.
Next we consider the second map
γ∗τ : γ∗(SmTY (− log T )|U)→ γ∗(En−m,m ⊗A−1|U)
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and its pullback
π′
∗
γ∗τ : γ′
∗
π∗(SmTY (− log T )|U)→ γ′∗π∗(En−m,m ⊗A−1|U)
→֒ γ′∗(E ′n−m,m ⊗ π∗A−1|U ′).
For the connected component U ′ of π−1(U) let a′−1 be a local generator of
π∗A−1|U ′. Then {e′1⊗ a′−1, e′2⊗ a′−1, . . .} is a basis of E ′n−m,m⊗ π∗A−1|γ′−1(U)
and the morphism
π∗τ : π∗SmTY (− log T )|U ′ → E ′n−m,m ⊗ π∗A−1|U ′
is given by
π∗τ(π∗(φi1 ⊗ · · · ⊗ φim)) =
∑
bji1,...,ime
′
j ⊗ a′−1
and one finds
π′
∗
γ∗τdγm((∂t)
m|γ′−1(U ′)) =
∑
π′
∗
(ci1,...,im)γ
′∗(bji1,...,im)γ
′∗(e′j ⊗ a′−1).
Since the metric π∗g−1 on π∗A−1 is regular on U ′ the claim 7.8 implies that
|γ′∗(h′ ⊗ π∗g−1)(γ′∗(e′i ⊗ a′−1), γ′∗(e′j ⊗ a′−1))|
≤ cγ′∗((− log |w1|) · (− log |w2|) · ... · (− log |wk|))β′.
Here and later we allow ourselves to replace the constant c by some larger
constant, whenever it is needed.
For the ramification order µi of π over Ti, and for some positive function di
on U ′ one has
|wi| = di||s′
1
µi
i |U ′||π∗gi.
This description extends to the compactification U¯ ′ of U ′. Since U¯ ′ is compact,
di is bounded away from zero, and one finds
|γ′∗(h′ ⊗ π∗g−1)(γ′∗(e′i ⊗ a′−1), γ′∗(e′j ⊗ a′−1))| ≤ cγ′∗r′β
′
= cπ′
∗
γ∗rβ
′
.
On the compact set U¯ ′ all bji1,...,im are bounded above. Hence, all γ
′∗(bji1,...,im)
also are bounded above, and the Cauchy-Schwarz inequality implies
(7.8.3) ||π′∗τ˜((∂t)m)|γ′−1(U ′)||2π′∗γ∗(h⊗g−1) ≤ cπ′∗γ∗rβ
′
∑
π′
∗|ci1,...,im |2
= cπ′
∗
γ∗rβ
′||π′∗dγ(∂t)|γ′−1(U ′)||2mπ′∗γ∗ωα.
Since we assumed r ≥ 1 and α − 2m ≥ β ′, the right hand side in (7.8.3) is
smaller than
cπ′
∗
γ∗rα−2m||π′∗dγ(∂t)|γ′−1(U ′)||2mπ′∗γ∗ωα ,
hence, we obtain the inequality
||π′∗dγ(∂t)|γ′−1(U ′)||2π′∗γ∗ωα ≥
1
c
π′
∗
γ∗(r−α/m+2)||π′∗τ˜ ((∂t)m)|γ′−1(U ′)||
2
m
π′∗γ∗(h⊗g−1)
as stated in (7.8.1). 
Proof of 4.4. It remains to contradict the existence of the ample sheaf A
and of the Higgs bundles having the properties stated in 6.5. Those led to the
estimates in this section.
Recall the Ahlfors-Schwarz-Lemma, as stated in 1.1.1 in [27] (see also lemma
3.2 in [7]):
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Lemma 7.9. Let c be a realvalued nonnegative function on C which locally is
of the form ϕ|f |2, where ϕ is a local smooth positive function and f is a local
holomorphic function. Then there can not exists any positive number ρ such
that
∂t∂t¯ log c(t) ≥ ρ · c(t)
on C in the sense of currents.
Using the inequalities obtained in 7.6 and 7.7 one has for suitable constants
ǫ and ǫ′
√−1
2π
∂t∂t¯ log c(t)dt ∧ dt¯ =
√−1
2π
∂∂¯ log c(t) = −Θ(TC, F )
≥ ǫγ∗Θ(AY \T , gα) ≥ ǫ · ǫ′
√−1c(t)dt ∧ dt¯
in the sense of currents. Hence
∂t∂t¯ log c(t) ≥ 2π · ǫ · ǫ′ · c(t),
contradicting Lemma 7.9. 
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